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Optimized Nonuniform Rational B-Spline Geometrical
Representation for Aerodynamic Design of Wings
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The geometric representation and parameterization used in an aerodynamic wing design process determines
the number of design variables and in� uences the smoothness of the wing representation. In an attempt to reduce
the number of design variables while preserving good smoothness properties, the present research investigates the
performance of an optimized nonuniform rational B-spline (NURBS) geometrical representation for the aerody-
namic design of wings. As a � rst step, an approach is described whereby optimal spatial positions and weights of
a � xed number of NURBS control points is determined using a quasi-Newton optimization algorithm to approxi-
mate a general airfoil section. The resulting optimized NURBS representation signi� cantly reduces the number of
design variables needed to de� ne accurately a wing section while ensuring good smoothness properties. In a second
step, the NURBS control point positions and weights are used as design variables in an aerodynamic optimization
problem. This methodologyresults in a rapid and robust design process, as illustrated by examples of aerodynamic
optimization for two- and three-dimensional cases.

Nomenclature
A.u/ = position of point on nonuniform rational B-spline

(NURBS) curve
C p = local pressure coef� cient
d j = local distance between approximation and target
F.X/ = objective function
H = approximated Hessian matrix of F
M = Mach number
m = number of points used for computing

approximation error
Ni;p = NURBS interpolation function (order p)
n = number of NURBS control points
Pi = NURBS control point position
Ri;p = NURBS interpolation function of order p
S = descent direction vector
u = parameter de� ning NURBS curve
X = vector of design parameters
x; y; z = Cartesian body axes
® = line-search step size
"max = maximal approximation error
"mea = average approximation error
! = weights of NURBS control points

I. Introduction

G EOMETRICAL representationand parameterizationare cru-
cial issues, the importance of which has often been under-

estimated in wing design processes. However, with the renewed
interest in optimization, in particular in the context of multidisci-
plinary design and optimization (MDO), researchers are revisiting
the problem to � nd ef� cient and robust parameterizationsof the sur-
faces. In a recent paper, Samareh1 identi� es three categories of ap-
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proach to geometrical representation in the context of aerodynamic
and MDO. These are the discrete approach, the CAD approach,
and the free-form deformation approach,each with its own bene� ts
and drawbacks. In the present paper, nonuniform rationalB-splines
(NURBS) are used for geometricalrepresentationsof airfoil shapes,
and so this method falls into the CAD-based approach category.

In selectinga geometricalrepresentationand parameterizationfor
aerodynamic design, a � rst issue is to reduce the resulting number
of design variables as much as possible while maintaining suf� -
cient freedom and � exibility to represent a large class of airfoil
sections. In fact, in a design optimization process, the geometri-
cal de� nition of the wing section, and of the wing, can be directly
linked to the number of design variables. A method that reduces the
number of parameters involved in the geometric representation of
a two-dimensional airfoil pro� le can simplify the design process.
Furthermore, the ability of the geometrical representationto � lter a
nonrealisticairfoil (i.e., to ensure good surface smoothness proper-
ties) is a second issue that will in many ways help an aerodynamic
optimization process converge to realistic shapes.

In the present paper, the ef� ciency of NURBS will be inves-
tigated systematically for the geometric representation of airfoil
sections and for their aerodynamic optimization. A methodology
developed for the approximationof a given airfoil section will pro-
vide an initial guess for the aerodynamic design optimization.This
initial approximation is obtained by solving a purely geometric op-
timization problem where the objective function measures the error
of the representation. The result of this � rst optimization is a re-
duction in the number of design variables required to represent an
airfoil.

The aerodynamic optimization problem then uses the NURBS
control point positions and weights as design variables in an opti-
mization problem where the objective is to minimize the difference
between the airfoil pressure distribution and a prescribed pressure
distribution.

The paper is organized as follows: In the following section, the
methodologyused to approximate a given airfoil with an optimized
NURBS curve is detailed. In Sec. III, results are presented that
demonstrate the ef� ciency of the approximationmethod in reducing
the number of design parameters while ensuring the smoothness of
the airfoil representation. Then, in Sec. IV the optimized NURBS
representations are used to perform aerodynamic optimizations of
airfoilsandwings.The resultsillustratethe robustnessand ef� ciency
of the method for wing design.
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II. Approximation Problem
A NURBS curve is de� ned such that

A.u/ D
nX

i D 0

Ri;p.u/Pi (1)

with

Ri;p.u/ D
Ni; p.u/!iPn

j D 0
N j;p.u/! j

(2)

where Pi are the control point coordinates, !i their respective
weights, Ni;p the pth-degree B-spline basis functions, and A.u/ the
position of a point on the curve. The basis functions are obtained
through a knot vector, which de� nes the functions’ break points, of
the form

f0; : : : ; 0| {z }
p C 1

; u p C 1; : : : ; um ¡ p C 1; 1; : : : ; 1| {z }
p C 1

g

NURBS are fully described in Ref. 2.

A. Approximation Error
With these interpolation functions, the problem of approximat-

ing a general planar curve C.t/ can be stated as follows: Find the
set of control points Pi and weights !i such that kA.u/ ¡ C.t/k is
minimized in a suitable norm.

Theoretically, the L2 norm would be a natural choice; numer-
ically, though, for a completely general target curve, this norm
can only be approximated through discretization. Numerical ex-
periments have, thus, been carried out to develop and validate a
robust computationalapproachfor the determinationof the approx-
imation error. Consideration has been given to both the mean and
the maximum error, as well as to the level of continuityof the target
curve. Three classes of target curve have been considered: curves
only givenas a set of points,piecewise linear curves,and C1 or more
continuouscurves. In all cases, the mean error "mea is determinedby
summing the distanced j of a set of points chosen on the target curve
to their respective projections on the approximation curve and the
maximum error "max by determining the largest of these distances.
We thus have

"mea D 1
n

nX

j D 1

d j (3)

"max D max1 · j · nd j (4)

In light of these experiments, it was determined that the error
computed using the control points constitutes an adequate bound
on both the mean and the maximum error of approximation, and
this error can be computed at a fraction of the cost of using evenly
spaced discretization points. This method of computing the error
also has the property of naturally including the case of target curves
given as a discrete set of points, which is not a rare case in many
practical applications. Details concerning the evaluation of norms
can be found in Ref. 3.

B. Optimization Method
With these de� nitions and this computational method of error

approximation, the optimization problem can be further speci� ed
by introducing a cost function of the form

F .X/ D 2 £ "mea C "max

where X is the vector of design variables, in this case the posi-
tions and weights of the control points of the approximation curve:
X D fx1; y1; !1; x2; : : : ; xn ; yn ; !ng. This choice of a cost function
accelerates convergence of the optimization process by including
both the maximum error, which controls the quality of the � nal
approximation, and the mean error, which globally compares the
quality of different solutions.

Clearly, this is a nonlinear optimization problem, and we will
now examine the solution process chosen, including the choice of
an initial solution.

C. Solution Method
The primary solution method used was the second-order quasi-

Newton method, which, given a reasonably close initial solution
X0 , will iteratively converge toward an optimal solution using the
relation

Xk C 1 D Xk C ®k Sk

where Sk D ¡Hk ¢ rF .Xk / is the direction of descent vector and
®k the distance of descent in direction Sk . The descent vector is
computed using the Broyden–Fletcher–Goldfarb–Shanno (BFGS)
algorithm, based on a second-order approximation of the gradient
of F.X/:

r F.X/ ’ rF.Xk / C H.Xk / ¢ ±X

where ±X D X ¡Xk is used as the directionof the descent vector Sk .
Here, H, the approximateHessian matrix, is initially set to identity
and iteratively updated using the relation

Hk C 1 D Hk C
Yk ­Yk

Yk ¢ Sk
¡

.Hk ¢ Sk/ ­.Hk ¢ Sk /

Sk ¢ Hk ¢ Sk

with Yk D rF.Xk C 1/ ¡ rF.Xk /. The distance of descent is com-
puted using Armijo’s rule, where ®k D . 1

2 /m and m is the smallest
integer such that the relationship

F.Xk C ®k Sk/ · F.Xk/ C ¾ ®k rF.Xk / ¢ Sk

with ¾ being the suf� cient descent criterion, which must be chosen
between 0 and 1

2
(usually set to 10¡4).

D. Initial Solution
In most cases, the optimization method described will yield a

solution, but in the case of a highly nonlinear cost function such
as the one in hand, the minimum found is usually a local one. One
way to circumvent this dif� culty is to proceed with many optimiza-
tions, starting from various initial guesses and selecting the lowest
minimum as the optimal solution. Whereas this approach could be
unaffordable if no clue were available about the optimal solution, it
can be implemented relatively cheaply in the context of curve ap-
proximation, where many good initial guesses can be constructed.

Speci� cally,a set of initialsolutionsis constructedby discretizing
the target curve using a � xed number of points and by varying the
concentrationof points along the curve. Basically, points are placed
closer together in regions of high curvature, and a shifting constant
is introduced to construct various concentration laws. For target
curvesof continuitylower than C2 , curvature is approximatedusing
centered differencing.The concentration law is evaluated using

F.u/ D 1
K

Z 1

0

[C.v/ C D] dv

where C.v/ is the true or approximatedcurvatureof the target curve,
D the shifting constant, and K a normalization factor such that
F .u/ D 1.

As the shiftingconstant increases,the concentrationlaw becomes
almost uniform. In practice, sets of 8–10 initial solutions are con-
structedby varying D, typicallybetween 1.0 and 10, and then using
each initial solution as the starting point for the optimization pro-
cess. Figure 1 shows the � nal approximationerror for a run where D
took the values f0:5; 1:0; 2:5; 3:0; 3:5; 4:5; 5:0; 6:0; 7:0g. The target
curve for this problem is a NACA 2412 airfoil and 9 control points
are used for the approximation,which leads to a 21-parameteropti-
mization problem (the two endpoints are � xed). Initial weights are
all set to 1.0.

Figure 1 vividly illustrates the high degree of nonlinearity of the
problemand theexistenceof localoptimas,where smallvariationsin
the initial solution lead to different optimal solutions, as expressed,
for example, by the steep variation in � nal error for D D 4:5 and
D D 5:0. Note, however, that, as discussed in the next section, both
of these initial solutions are accurate enough in the context of geo-
metrical representationof airfoils.
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III. Optimized NURBS Airfoils
Different airfoils have been approximated using the optimized

NURBS representation to determine the number of control points
that could represent any wing section to a given accuracy. The fol-
lowing airfoils are representative of our tests: 1) NACA 2412, de-
� ned by a 160-point spline; 2) RAE 2822, de� ned by a 130-point
spline; 3) Bombardier–Canadair (BC) supercritical airfoil de� ned
with 160 points; 4) Boeing A4, de� ned by an 80-point spline; and
5) Boeing A8, de� ned with 190 points.4

Figure 2 illustrates the evolution of "max as the number of control
points of the approximation curve is increased. The target curve is
the NACA 2412airfoil.As can be observed,the increasein precision
of the approximation is very regular when eight or more control
points are used. The precision required for a good approximation
has been studied in Ref. 5. A precision of 8 £ 10¡5 for an airfoil
of chord one has been found suf� cient based on the sensitivity of
the � ow solver to the geometric de� nition. In the case of the NACA
2412airfoil, the requiredprecisionof 8 £ 10¡5 is obtainedwith only
nine control points.

Fig. 1 Optimal approximationerror for various shifting constant values.

Fig. 2 Precision of approximation as number of control points increases.

Extensive experiments5 involving numerous types of wing pro-
� les have shown that the required level of precision can almost
always be reached with 13 control points or fewer. As an example,
the approximationerrors for a 13-control-pointNURBS approxima-
tion are shown in Table 1 for selected airfoils. These results show
that, no matter how different these curves may be, it should always
be possible to approximate them using 13 or fewer control points.

These numbers have to be compared with the number of points
needed to represent an airfoil discretely with the same precision,

Table 1 Error for 13-control-point
approximation

Pro� le ²max error

NACA 2412 2:6 £ 10¡5

RAE 2822 2:3 £ 10¡5

BC 7:9 £ 10¡5

Boeing A4 8:1 £ 10¡5

Boeing A8 8:2 £ 10¡5
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a) NACA 2412 approximation (9 point)

b) RAE 2822 approximation (13 point)

c) BC approximation (13 point)

d) Boeing A4 approximation (13 point)

e) Boeing A8 approximation (13 point)

Fig. 3 Optimized NURBS approximationof various wing pro� les.

Fig. 4 Curvature of Boeing A8 pro� le and of its approximation near
leading edge.

which can be shown to be of the order of 150 if the discrete points
are distributed in a reasonablemanner. The NURBS approximation
method thus offers excellentcontrol over the precisionof the result-
ing curve, while reducing by an order of magnitude the amount of
data used for representationusing discrete points.

Figure 3 displays the approximation of the selected airfoils with
their optimized control point positions and weights. Figure 3 illus-
trates that the range of airfoils that can be represented with this

Fig. 5 Target pressure for aerodynamic optimization of BC pro� le.

method is very wide. This point is very important because the air-
foil will later have to be optimized to improve its aerodynamicchar-
acteristics, and the geometric representation must provide enough
freedom to enable the optimizer to converge toward a better airfoil.

For the optimization, the control points positionsand weights are
freelyvariedby the optimizer,andalthoughtheweigthsare modi� ed
by the optimizationprocess,experiencehas shown that they are only
varied by small amounts (no more than 20%) around their initial
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value of one. For this application, no special constraints need to be
imposedon the weights,neitherfor theoreticalnorpracticalreasons.

The proposedNURBS approximationmethod also has the ability
to � lternoise in the representation,mainly becauseof the small num-
berof controlpointsneeded.Noise appearsas small, high-frequency
� uctuations in the curvature of the airfoil, usually observed when
control points are close together in regions of high curvature. Fig-
ure 4 illustrates the curvature of the Boeing A8 airfoil and the

Fig. 6 Objective function computation.

Fig. 7 Optimization convergence (two-dimensional case).

Fig. 8 Curvature of optimized pro� les.

curvature of its optimized NURBS approximation. The proposed
NURBS approximation method signi� cantly reduces noise in the
geometric representation.Of course, this noise reduction can only
be accomplished as a tradeoff against the precision of the approxi-
mation. In fact, the precision of the 13-control-pointapproximation
of theBoeingA8 airfoil is 9:2 £ 10¡5, which is slightlyabovethe tol-
erancegoal for this application.A betterprecisioncouldbe obtained
by including a few more control points, but this would inevitably
introduce more noise.

IV. Application to Aerodynamic Optimization
As shown in the precedingsection, the proposedgeometricalrep-

resentation for airfoils results in few design parameters, which sig-
ni� cantly reduces the risk of noise. The method is, thus, expected
to make the aerodynamic optimization process signi� cantly easier.
This section will present examples of such aerodynamic optimiza-
tions in two and three dimensions.

Wing design optimizationcan be achievedby severalmeans. One
is the directmethod, the goal of which is to optimize the global char-
acteristics of the pro� le (for example, the lift-to-drag ratio). This
method is quite dif� cult to implement because it is not easy to con-
trol the shape modi� cations. Successful results have recently been
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Fig. 9 Cp of optimized pro� les.

a) Whole pro� le

b) Magni� cation of upper surface

Fig. 10 Pro� les before and after optimization.

reported in Ref. 6 using Hicks–Henne shape functions as design
variables. Other examples of such optimizations can be found in
Refs. 7–10. A different approach, called the indirect method, con-
sists of setting a target pressure coef� cient distribution and search-
ing for an airfoil having such a pressure distribution. This indirect
method is still widely used by aerodynamicdesignersin the industry
and, for an experienceddesigner,resultseasilyin realisticairfoils.In
fact, this method is often used even though the de� nition of the ideal
pressure distribution is, by itself, a tricky problem, as reported in
Refs. 11–17. The examples of aerodynamic optimizationpresented
in this section are based on the indirect method.

A. Two-Dimensional Optimization
The indirectmethod consists of de� ning an objective for aerody-

namic designin terms of a pressurecoef� cientC p distributionon the
airfoil section. Figure 5 displays the initial C p curve, computed for
the BC pro� le at Mach D 0.735 (Fig. 3c) with the � ow solverBauer–
Garabedian–Korn (BGK)18;19 solving the potential equations cou-
pled with a boundary-layeranalysis.The targetpressuredistribution
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that has been speci� ed to improve the aerodynamic characteristics
of the airfoil is also shown in Fig. 5.

The global aerodynamic optimization process is based on the
quasi-Newton BFGS method, minimizing an objective function
computed as illustrated in Fig. 6. Derivatives of the objective func-
tion are computed using � nite differences. The objective function
computes the distance between the current airfoil pressure distri-
bution computed using a BGK � ow solver and the target pressure
distribution. A vector of design parameters contains the NURBS
control point coordinates as well as their weights. In this example,
only the upper surface of the airfoil is to be modi� ed, so that only
the y coordinates and the weights of selected control points are
modi� ed, resulting in a total of 11 design variables.

For comparison,optimizationhas also been conductedin parallel
usinga 160-pointrepresentationaugmentedwith airfoil shape func-
tions, introducedby Hicks and Vanderplaats20 and applied by Hicks
and Henne.21 The number of shape functions (also called bumps)
has been limited to 11 to keep the number of design parameters in
the two optimizations equal.

a) Cp of optimized pro� les for Mach = 0.6

b) Cp of optimized pro� les for Mach = 0.8

Fig. 11 Off-design performance results.

The convergenceof theoptimizationprocessis presentedin Fig.7.
At � rst glance, it could be thought that the bump method performs
better than the NURBS method because it converges more rapidly.
However, two circumstances have to be taken into account. First,
each interruption in the bump method convergence curve corre-
sponds to a human intervention to restart the optimizer with new
bump characteristics. Without these interventions, a realistic solu-
tion is dif� cult to obtain.The need for human interventionmakes the
design process considerably more complicated. Second, the bump
method introduces signi� cant noise in the airfoil de� nition, so that
the � nal airfoil geometric de� nition must be smoothed at the end
of the optimization. The smoothing operation is not only time con-
suming, but it also signi� cantly reduces the overall optimization
ef� ciency. This is illustrated in Fig. 7, which shows that the ob-
jective function obtained with the bump method after smoothing
approaches the NURBS objective function. The curvature of the
optimized pro� les is shown in Fig. 8. Signi� cant noise is observed
on the airfoilextradosin the regionof the shock for thebumpmethod
solution, and noise is still present after the smoothing process. By
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a) First section (wing–body junction) c) Fifth section

b) Third section d) Seventh section (wing tip)

Fig. 12 Modi� cation of Cp curves during optimization.

Fig. 13 Optimization convergence (three-dimensional case).

contrast, the NURBS method has led, without any human interven-
tion, to a satisfactory solution that is free of noise.

The pressuredistributionsobtainedare shown in Fig. 9. Note that
the NURBS optimized pro� le leads to a much smoother � ow close
to the leading edge of the airfoil.

Figure 10 depicts the airfoil pro� le before and after optimization,
as well as a magni� cation of a part of the upper surface.On the one
hand, the small magnitude of the pro� le modi� cation during the
optimization process indicates the sensitivity of the aerodynamic
design problem. On the other hand, it can be seen that both methods
have led to rather different solutions in the shock region, which has
been magni� ed in Fig. 10b. In this close-up, it can be observed that
there is a jump in thebumpmethodsolution.This jump is an arti� cial
way for the optimizer to impose the position of the shock, but this
leads to a loss of smoothness for the airfoil representation, which

Fig. 14 Three-dimensional wing optimization: pressure and wing sec-
tion pro� les before (top) and after (bottom) optimization.

can also be seen in Fig. 8. This lack of smoothness can damage
the performance of the airfoil under off-design conditions. This is
con� rmed in Fig. 11, which shows the pressure distributionon both
solution pro� les for Mach numbers equal to 0.6 and 0.8, compared
to 0.735 for the design point. Indeed, in the bump method solution,
the pressure distribution at the location of the break is not smooth,
whereas in the NURBS method solution there is a good degree
of smoothness. This illustrates that the NURBS solution leads to a
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more realisticairfoilbecausethe geometric representationhasbetter
built-in control of the smoothness of the airfoil.

This example shows the two signi� cant advantagesof our method
for aerodynamicoptimization:It makes possible a more rapid and a
more automaticdesignprocess,and it naturallyconstrainsthe airfoil
to have good smoothness properties.

B. Three-Dimensional Optimization
The same method is now applied to optimize a three-dimensional

wing. The wing is de� ned by seven airfoil pro� les with a linear
interpolation in the spanwise direction. Each section is de� ned by
a 13-control-pointNURBS, and 11 parameters are selected for the
optimization among the control point coordinates and weights. As
a consequence, the complete problem contains 77 design variables.

As in the preceding example, the objective function is based on
a target pressure distribution set at each of the seven sections to
improve the wing’s performance. The pressure distribution is com-
puted with the small perturbation � ow solver KTRAN for a Mach
number equal to 0.8. Initial and � nal Cp curves, as well as target
pressure distributions that have been used for optimization, are dis-
played in Fig. 12. The target C p distribution was chosen such that
the shockat the wing root is eliminatedand the shockat the outboard
stations is moved closer to the leading edge of the wing.

The summary of the convergenceis depictedin Fig. 13. As shown
in Fig. 13, when the NURBS representationfor pro� les is used, the
optimization procedure runs without any problem, whereas no sat-
isfactorysolutionhas been obtained with the bump method. Indeed,
the three-dimensional � ow solver is very sensitive to noise in the
de� nitionof its geometryso that it is very dif� cult to make the bump
method converge.

The effectiveness of the method is also emphasized in Fig. 14,
in which the section pro� les and the pressure before and after op-
timization on the upper surface of the wing are compared. As can
be seen, the shock strength has been signi� cantly reduced owing
to the modi� cation of the seven airfoil pro� les. Of course, the ob-
jective pressure distribution was not reached exactly. However, the
improvementin the wing’s aerodynamicperformanceis very signif-
icant. Furthermore, the wing geometry remained very smooth dur-
ing the optimizationowing to its NURBS de� nition and to the small
number of design variables. The modi� cation of the airfoil pro� le
at the wing root is the most signi� cant of these. Note that use of the
bump method cannot result in such a signi� cant shapemodi� cation.

This example of aerodynamic optimization points up the ef� -
ciency of the NURBS method for geometric representation.Owing
to the preliminary optimization of the number of design parame-
ters, (i.e., the number of control points), an accurate de� nition of
the complete wing has been obtained with very few design vari-
ables. This results in a rapid optimizationprocedure and a noiseless
solution. In the case of the bump method, achieving equivalent ac-
curacy would require a greater number of parameters, which would
inevitably introduce noise.

V. Conclusions
In this work, NURBS have been shown to constitute a very ap-

propriate method for the geometric representation for wing design
optimization because of their geometric properties. In particular,
owing to an optimization process, NURBS have been shown to be
capable of accurately representing a large family of airfoils with
13 or fewer control points. This method has various advantages:
First, it minimizes the number of variables involved in the process
of wing section design. Second, it constrains the airfoil to a natural
smoothness.Third, a NURBS representationwith 13 control points
can be used for design optimization without reducing the range of
available airfoils.

When applied to aerodynamic optimization, the method is found
to be very powerful. Realistic solutions are computed with few it-

erations owing to the small number of design variables and to the
smoothness of the geometry, which improves the convergence of
the optimization process.
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